The aim of this paper is the study of the kernel and acceleration properties of sequence transformations of the form T n = L(S n =D n )=L(1=D n ) , where (S n ) is the sequence for which we want to compute the limit, (D n ) is an error estimate and L is a linear di erence operator. We will obtain those properties for di erent classes of operators L and we will give a procedure for constructing, for a given class of sequences, an operator for which the corresponding transformation accelerates that class.
1 Introduction.
In a recent paper 4], a new derivation of extrapolation method has been proposed, based on a formalism rst given by 9] . This approach provides a systematic construction of extrapolation algorithms, leading to a better understanding of the mechanism of extrapolation. Let us recall that formalism.
We consider a sequence S = (S n ) n satisfying S 1 ? S n = a n D n 8n 2 N I ; (1) where (a n ) n is an unknown sequence and (D n ) n a known one called remainder ( or error) estimate, S 1 an unknown complex number that we want to approach. If (S n ) n converges to S 1 then S 1 is called its limit, otherwise its antilimit. In order to compute S 1 we will use an annihilation di erence operator.
L : u = (u n ) n 2 S 7 ?! L(u) = (L(u n )) n 2 S:
The most general form is given by L n (u) = qn X i=?pn G i (n)u n+i n 2 N I ; where p n and q n are nonnegative integers which can eventually depend on n, u i = 0 for i < 0, and the G i 's are given functions of n which can also depend on auxiliary xed sequences (if the auxiliary sequences, on which the G i 's could depend, also depend on some terms of the sequence (u n ) itself, then these terms are xed in the G i 's and thus the operator L is still a linear one).
9N 2 N
I 8n N L(a n ) = 0.
To each di erence operator L we can associate the following sequence transformation:
T(S) = (T(S n )) n = (T n ) n : T n = L(S n =D n ) L(1=D n ) n 2 N I and if L is an annihilation di erence operator then T n = S 1 : In 4] , di erent choices of the linear operator L (independent of (S n ), dependent of (S n ) or linear combination of several operators) and particular choices for the error estimates (D n ) n have been considered. They lead to di erent well-known transformations and some generalizations. We remarked that a great majority of the most used extrapolation algorithms could be put into this framework. Composition of operators leading to iteration of sequence transformations has also been studied in a systematic way 4, 10] . In this approach, the kernel of a sequence transformation, i.e., the set of sequences for which T(S n ) = S 1 8n N can be writen as Ker(T) = f(S n ) : S n ? S 1 = a n D n ; L(a n ) = 0 n 2 N I g :
So the structure of the kernel follows immediately from the choice of the linear operator L and it has been obtained in 4] for operators leading to well{known extrapolation algorithms and in 5] for the composition of operators. Given a sequence (S n ) n satisfying (1) , from the properties of sequence (a n ) n or from its form, it is sometimes possible to nd an annihilation operator for (a n ) n and so compute the exact value of S 1 . For instance, if we know that (a n ) n is a polynomial of degree k ? 1 in n, then we can choose L = k (the k-th order forward di erence operator).
But in the general case, we only know that (a n ) n has an asymptotic expansion in a comparison scale fg i (n)g 1 i=0 : a n 1 X i=0 i g i (n) (n ! 1); with g i+1 (n) = o(g i (n)) (n ! 1) 8i known sequences and i unknown constants, or we suppose that (a n ) n can be represented in this way. So it is impossible to nd an annihilation operator.
In this case we will be interested in the acceleration properties of the transformation, that is, in obtaining the sequences (S n ) n for which lim n!1 (T n ? S 1 )=(S n ? S 1 ) = 0. In our framework, as
the set of sequences accelerated by T is given by ( (S n ) n : S n ? S 1 = a n D n n 2 N I and lim
We will say that L is an accelerating operator for (S n ).
In this paper we are going to consider several classes of di erence operators L and, from the properties of the solutions of the associated di erence equation L(u n ) = 0, we will study, for the corresponding sequence transformation T, 1 . the properties of the kernel, completing the study given in the above mentioned works; 2. the acceleration properties of T. There are many linear di erence equations for which we don't have a compact form for the solution but only an asymptotic expansion of it (or its rst terms). We will make use of this information to construct an extrapolation method for a given sequence (S n ) n for which we know the rst terms of the asymptotic expansion of (a n ) n , and we will obtain the speed of convergence of the transformed sequence. Possibilities of iterating this procedure are under study and will be the subject of a forthcoming paper.
2 Linear di erence operators with constant coe cients.
Let us consider rst a di erence operator of order k of the form
where the p (k) i 's are independent of n. If its characteristic polynomial is given by
then it is well{known that a set of k linearly independent solutions of the associated di erence equation L (k) (u n ) = 0 is given by u (i;j) n = n i n j ; 0 i s j ? 1; 1 j m:
Let us now consider the corresponding sequence transformations T (k) as de ned in the previous section T
and obtain, from the the form of the solutions of the di erence equation, the description of the kernel and the acceleration properties of these transformations. a) Kernel.
We have trivially the following result:
be an operator of the form (2) with characteristic polynomial (3) and
the corresponding transformation (4). Then (S n ) n 2 Ker (T   (k) ) ,
, S n ? S 1 = a n D n with a n = m X i=1 q i (n) n i ; q i (n) polynomial of degree (s i ? 1):
Corollary 1 Let us suppose that s 1 s 2 s m and consider a sequence (S n ) n of the form:
S n = S 1 + r n (1=D n ) 6 = 0 then, applying to (S n ) n the transformation T (k) given by (4), we obtain T (k) n = S 1 8n 2 N I :
Proof: It is su cient to remark that (5) can be writen in the form S n ? S 1 = r n n ?s 1 +1 a n , where (a n ) n is a linear combination of solutions of L (k) (u n ) = 0: 4 b) Acceleration properties.
The error of the transformed sequences (4) can be writen
(a n ) L (k) (1=D n ) ; (6) and to get the speed of convergence of the error sequence we have to consider two cases.
b.1. lim n!1 D n =D n+1 = and P k ( ) 6 = 0
In this case we obtain
(a n ):
Therefore we will have convergence acceleration if
(a n ) a n = 0:
We get the following acceleration result:
Theorem 1 Let (S n ) n be a sequence of complex numbers satisfying: 
where j 1 j = j 2 j = = j m j = ; lim n!1 r n =r n+1 = with P k ( ) 6 = 0:
satis es (2) and (3) This implies that jA n j c n 1 n s 1 +s 2 +1 (n ! 1) and so, replacing in the expression of D n L (k) (a n ) and proceeding like in the previous proof, the result follows.
This case is less simple to study because now, as (8) is not a su cient condition of acceleration. So we have to impose some supplementary conditions on (D n ) n and on the characteristic polynomial P k in order to obtain the order of convergence of
Proposition 2 Let us suppose that the sequence (D n ) n satis es: (1=D n ) we have:
If conditions in a) are satis ed then (14) becomes L 
n D n which gives (13).
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From this result we easily obtain: Theorem 2 Let (S n ) n be a sequence satisfying S n ? S 1 = a n D n with (D n ) n satisfying the conditions of the previous proposition; a n = n s 1 ?1 P 1 i=0 c (1) (a n )=a n C n ?2s 1 (n ! 1). By the previous proposition we know that L (k) (1=D n )D n C 0 n (n ! 1). As the ratio of the error sequences (T (k) n ?S 1 ) n and (S n ?S 1 ) n is given by (6), the result follows immediately. 4 8 3 Some classes of general di erence operators.
We will now study the structure of the kernel and acceleration properties of extrapolation methods corresponding to di erence operators with coe cients depending on n.
Linear operator of rst order.
Let us consider a linear operator of the form L(u n ) = u n+1 ? p(n) q(n) u n ; where
The solution of the di erence equation L(u n ) = 0 is given by 8]
?(n ? j );
and so we immediately obtain the kernel of the corresponding sequence transformation:
Theorem 3 Ker (T) = f(S n ) : S n ? S 1 = a n D n where 9r; s 2 N I 9a; b; i ; j 2 R I such that a n = a b n Q r i=1 ?(n ? i )= Q s j=1 ?(n ? j ) g
As we can write
we easily get: Theorem 4 Let (S n ) n be a sequence of the form S n ? S 1 = a n D n with lim n!1 a n+1 =a n = 6 = lim n!1 D n =D n+1 . We consider the sequence transformation
where L has the form (15). Then, if lim n!1 p(n)=q(n) = we obtain lim n!1 (T n ? S 1 )=(S n ? S 1 ) = 0; that is, if S 1 is nite, (T n ) n converges to S 1 faster than (S n ) n .
From (16) we easily see that we will get good acceleration properties for (T n ) n if we can obtain a good approximation of (a n+1 =a n ) by the rational function of n, (p(n)=q(n)). In fact, we obtain: Theorem 5 Let (S n ) n be a sequence of the form S n ? S 1 = a n D n where a) (a n ) n satis es: Q(x) : We consider the operator L of the form (15) with r = s = k and p(n) = P(1=n)n k ; q(n) = Q(1=n)n k :
Then the corresponding sequence transformation de ned by (17) accelerates the convergence of (S n ) n . Moreover the speed of convergence can be measured by
Proof: By de nition of the Pad e approximants we know that f(
which implies a n+1 a n ? P(1=n)
De ning the polynomials p(n) and q(n) of degree k by (18), from condition b) we get D n D n+1
? p(n) q(n) (e l ? c l ) 1 n l (n ! 1);
and replacing in (16) the result follows.
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If (D n =D n+1 ) doesn't have an asymptotic expansion in the powers of (1=n) but satis es
(for instance, if D n = n (log n) , then D n =D n+1 = 1 + c 1 =n + c 2 =(n log n) + o(n ?1 (log n) ?1 ) ),
we can still determine the asymptotic behavior of (D n =D n+1 ? p(n)=q(n)) and obtain the corresponding acceleration results.
3
Let us consider now some classes of di erence operators of the form L(u n ) = l X i=0 i (n)u n+i ; with i (n) polynomials in n;
for which we can obtain l linearly independent solutions for the homogeneous di erence equation L(u n ) = 0. We will give, for the corresponding sequence transformations
the kernel and acceleration properties. We will see that some of these extrapolation methods are very well suited for accelerating the convergence of logarithmic sequences (that is, sequences that satisfy lim n!1 (S n+1 ? S 1 )=(S n ? S 1 ) = 1 and so converging very slowly) for which we have an asymptotic expansion of the error in terms of the sequences
In order to simplify notations, let us begin by de ning some elementary operators:
De nition 2 8] The operators E, and are given by E(u n ) = u n+1 ; (u n ) = nu n+1 ; (u n ) = n u n ;
and composing these operators we get E r (u n ) = u n+r ; r (u n ) = n(n + 1) (n + r ? 1)u n+r ; r (u n ) = ( r?1 (u n )): From the theory of linear di erence operators (see for instance 2]) we obtain:
For the corresponding transformations given by (19), the structure of the kernels follows immediately:
Theorem 6 Let us consider the sequence transformations
with L i ; i = 1; 2 given by (20) and (21).Then a) (S n ) n 2 Ker(T (1) ) , S n ?
) , S n ?
In order to obtain the acceleration properties of these transformations we have to determine the asymptotic behavior of the sequences (L i (u n )) n i = 1; 2 from some properties of the sequence (u n ) n .
Lemma 1 Let (u n ) n be a sequence satisfying lim n!1 n u n+1 u n = :
If we choose i 6 = ; i = 1; l then the asymptotic behavior of the sequences (L 1 (u n )) n , where 
( ? i )u n ( ? l ) (n ! 1); and the result follows.
In the same way, we can easily show:
Lemma 2 Let (u n ) n be a sequence such that lim n!1 u n+1 u n = C 6 = 0: Then
, we obtain L 1 (u n ) C l n l u n (n ! 1):
Lemma 3 Proof: If we set a n = P 1 i=0 A i n i =(n ? 1)! then, from lemma 4, we know that L
(a n ) C n l+1 =(n ? 1)! (n ! 1) and using lemmas 1 and 2 to estimate the asymptotic behavior of (L (1) (1=D n )) n the result follows. and apply to (S n ) n the sequence transformation T (2) given by (22) where L 2 has the form (21) and (D n ) n is chosen by D n = r n =n l , n 2 N I . Then (T (2) n ) n converges to S 1 faster than (S n ) n and moreover the speed of convergence can be measured by:
T (2) n ? S 1 S n ? S 1 = O 1 n 2l+2 (n ! 1):
Proof: For this choice of (D n ) n , (S n ? S 1 ) n can be writen in the form S n ? S 1 = a n D n with a n = Let us now study the asymptotic behaviour of the sequences (L(u n )) n with L given by (23) for sequences (u n ) n satisfying some conditions. Lemma 5 Let (u n ) n be a logarithmic sequence such that u n+1 u n = 1 + C n + n ; n C 1 n 2 (n ! 1):
If L(u n ) = ( ? 1 ) ( ? l )(u n ) with i 6 = C 8i then L(u n ) (C ? 1 ) (C ? r )u n (n ! 1):
Proof: We will prove this result by indution on l. For l = 1 we have L(u n ) = ( ? 1 )u n = n u n ? 1 u n = u n n u n+1 u n ? 1 ? 1 ;
and as (u n ) n satis es (24) we obtain L(u n ) = u n (C ? 1 ) + (1) n ] ; Proof: Again we proceed by indution on l. If (u n ) n satis es (25) then : u n+1 =u n = + n ; lim n!1 n = 0. For l = 1 we get ( ? 1 )u n = u n n( ? 1 + n ) ? 1 ] ( ? 1)nu n (n ! 1):
We suppose that (a n )=a n C?(n + r+1 )=?(n + 1 ) (n ! 1), the result follows. 4 Theorem 11 Let (S n ) n be a sequence having the following asymptotic expansion of the error:
S n ? S 1 = C 1 n + C 2 n(n + 1) + + C r n(n + 1) (n + r ? 1) +
We consider the sequence transformation T (S n )) n converges to S 1 faster than (S n ) n . Moreover we obtain:
n r (n ! 1):
Proof: From the form of (S n ) n and the choice of (D n ) n , (S n ? S 1 ) n can be writen as S n ? S 1 = D n C r + C r?1 (n + r ? 1) + + C 2 (n + 2) (n + r ? 1)+ +C 1 (n + 1) (n + r ? 1) + C r+1
The rst r terms in this sum constitute a polynomial of degree r ? 1 in n and so we can write it in another basis: , we obtain L (r)
?(n + r) (n + r + i)! ! C ?(n + r) (n + r + i)! (n ! 1);
and so L (r) (a n ) K=n (n ! 1): As we have the following asymptotic behaviors: a n C 1 n r?1 (n ! 1); D n n ?r (n ! 1) ;
?(n + r) (n ? 1)! ! 1 n r (n ! 1) ( by (26) with i = ?r ? 1);
we obtain
From the two theorems above we see that the extrapolation methods corresponding to the operators of the form (23) have good acceleration properties when applied to some classes of logarithmic convergent sequences. 4 Acceleration properties for the transformation (T n ) based on the asymptotic behavior of solutions of linear difference equations.
For the two classes of di erence operators L considered in the previous section, a basis of solutions in explicit form for the associated homogeneous linear di erence equation L(u n ) = 0 was known, which enabled us to study the acceleration properties of the corresponding extrapolation method T. But for the general operator L of degree k and nonconstant coe cients there is not a general solution in compact form. For a given operator L not belonging to those classes we may be able to nd an independent set of solutions for L(u n ) = 0 using a method of the di erence calculus (see, for instance 1, 7] ): reduction of order, generating functions, etc. And from a basis of solutions we can proceed in the same way that above to get the kernel and acceleration properties of the extrapolation method T.
But, if we can't nd a basis of solutions, we can obtain, using di erent techniques than above, the asymptotic behavior of the solution when (n ! 1) and, for some classes of operators, also the asymptotic expansion for a linearly independent set of solutions 2]. From the knowledge of this asymptotic behavior, we are going to: a) give the acceleration properties for the sequence transformation T corresponding to a given operator L; b) propose a method of constructing an operator L and the corresponding sequence transformation T to accelerate a class of sequences (S n ) n for which the error sequence (S n ?S 1 ) n has a given asymptotic expansion.
From now, we will consider a di erence operator L of the form: L(u n ) = k u n + p k?1 (n) k?1 u n + + p 1 (n) u n + p 0 (n)u n ; 
Before discussing the asymptotic behavior of the solutions of L(u n ) = 0, we will obtain the asymptotic behavior of (L(u n )) n when the sequence (u n ) n satis es some conditions. Proposition 3 Let (u n ) n be a sequence satisfying lim n!1 u n+1 =u n = 6 = 1. Then L(u n ) ( ? 1) k u n (n ! 1):
Proof: As we can write i u n = P i j=0 (?1) i?j i! j!(i ? j)! u n+j , we obtain lim n!1 i u n =u n = ( ?1) i .
As lim n!1 p i (n) = 0, replacing in (27) the result follows.
Proposition 4 
It is trivially true for i = 1 because we have u n =u n = =n + r n . Let us suppose that it is true for i and compute i+1 u n =u n . i+1 u n u n = i u n+1 u n+1 u n+1 u n Let us suppose that (u n ) n is a solution of L(u n ) = 0 for which we know the rst terms of its asymptotic expansion u n = c 1 g 1 (n) + c 2 g 2 (n) + r n n 2 N I ; g 2 (n) = o(g 1 (n)); r n = o(g 2 (n)) (n ! 1);
with (g i (n)) n , i = 1; 2, (r n ) n satisfying (29) and c 1 6 = 0. Then, as L(u n ) = 0 we get
and so L(g 1 (n)) Cn ?k g 2 (n) (n ! 1);
(32) which gives the following acceleration result:
Theorem 12 Let (S n ) n be a sequence satisfying S n ? S 1 = a n D n with a n = b 1 g 1 (n) + n ; n = o(g 1 (n)) (n ! 1); (g 1 (n)) n ; ( n ) satisfying (29) :
Let L be an operator of the form (27) for which we know an asymptotic expansion of a solution
We suppose that n Kg 2 (n) (n ! 1) and we consider the sequence transformation corresponding to this operator,
a) If lim n!1 D n =D n+1 = 6 = 1 then T n ? S 1 S n ? S 1 Cn ?k g 2 (n) g 1 (n) (n ! 1) (C is a constant ); b) If lim n!1 D n =D n+1 = 1 and if (1=D n ) n satis es (29) with A k 6 = 0 then T n ? S 1 S n ? S 1 C g 2 (n) g 1 (n) (n ! 1) (C is a constant ):
Proof: From Proposition 4, the condition on ( n ) n and (32) we obtain L(a n ) = b 1 L(g 1 (n)) + L(r n ) b 1 Cn ?k g 2 (n) + C 0 n ?k r n C n ?k g 2 (n) (n ! 1): So, as L(a n )=a n Cn ?k g 2 (n)=g 1 (n) (n ! 1) and T n ? S 1 S n ? S 1 = L(a n ) a n 1=D n L(1=D n ) ;
-if a) is satis ed, from Proposition 3 we get lim n!1 D n L(1=D n ) 6 = 0 and the result follows.
-if b) is satis ed, then lim n!1 D n L(1=D n )n k 6 = 0 which replaced in (34) gives the result. 4
This result can be generalized to the case when we know k linearly independent solutions of the di erence equation L(u n ) = 0.
Theorem 13 Let (S n ) n be a sequence such that S n ? S 1 = D n a 1 g
1 (n) + a 2 g (2)
Let us consider an operator L of the form (27) for which we know a basis of solutions (u (i) n ) n i = 1; k, and each one can be writen u
j (n)) (n ! 1) 8j 2 N I ; j = 1; k:
We suppose that
j (n)) n i = 1; k; j = 1; 2; satisfy (29). T n ? S 1 S n ? S 1
Cn ?k g
2 (n) g
1 (n) (n ! 1):
2. If (1=D n ) n satis es (29), then the speed of convergence of (T n ) n can be measured by
2 (n) g (1) 1 (n) (n ! 1):
Proof: We set a n = a 1 g
(1)
1 (n)) + a k L(g (k) 1 (n)) + L(r n ) From (32) and condition c) we obtain L(g (i) 1 (n)) C i n ?k g (i) 2 (n) (n ! 1) i = 1; ; k and from properties a) and b) we obtain L(a n ) n ?k g (1) 2 (n) (n ! 1). The result follows as in the previous theorem.
In order to be able to give the form of the sequences (S n ) n which can be accelerated by the extrapolation method (33) corresponding to a given di erence operator L of the form (27) or to construct the operator L for which (T n ) n accelerates a given class of sequences (S n ) n , we must obtain the asymptotic behavior of the solutions of L(u n ) = 0. We will follow the ideas given in 2].
To the di erence equation k u n + p k?1 (n) k?1 u n + + p 1 (n) u n + p 0 (n)u n = 0; ; j, then we obtain j + 1 linearly independent solutions of the form. y i (t) = t i A i (t) y i+1 (t) = y i (t) log(t) + t i+1 A i+1 (t) y i+j (t) = y i+j?1 (t) log(t) + t i+j A i+j (t) where A k (t) are analytic at 0.
We return now to the di erence equation ( 
